A study of "high temperature" entangled states in a system of two parametrically coupled quantum oscillators placed into independent thermal baths is performed taking into account partially coherent parametric pump. Processes in an open system are considered based on the HeisenbergLangevin formalism. We obtain a closed system of equations for the averaged quadratic correlation functions in quantum stochastic problem as a result of Markov processes approximation. On the basis of numerical calculations the dynamics of the logarithmic negativity, which is the measure of entanglement in the system, is investigated. It is shown that the partial coherence of the parametric pump makes the lifetime of the entangled states finite. The threshold characteristics of the formation and existence of these states are specified.
I. INTRODUCTION
According to the superposition principle underlying the basis of quantum mechanics, a many-particle system may be found in a so-called entangled state [1] . At the present time, the entangled states of several quantummechanical objects are actively considered as a special nonlocal resource which can be effectively used for solving a broad range of quantum-optical problems dealing with quantum information transfer and quantum calculations [1] [2] [3] (including cryptography [1, 3, 4] and metrology [5] [6] [7] ). The main obstacle on the way of practical application of this resource is decoherence [2, 8] . In the general case, the loss of quantum coherency (and, as a result, destruction of entangled states) is caused by interaction of subsystems with an environment possessing a great number of degrees of freedom (for example, thermal bath). It is worth noting that the rate of a decoherence process increases together with the rise of temperature [2] .
In recent years, the possibility of retaining the entanglement during a long time at finite temperatures in the active systems due to the constant energy inflow has been actively discussed [9] . In particular, in Refs. [10] [11] [12] [13] the problems of two coupled oscillators under the conditions of parametric instability development have been considered. The given physical model enables one to examine the process of the entangled states formation in even more complicated situations, for example, microwave superconducting resonators [14] , nanomechanics oscillators [15] , and optomechanical systems [16] . Besides, it should be noted that at present analogous processes are observed in biological macromolecules under the action of the short laser pulses [17] [18] [19] .
In Ref [10] the case when the parametric pumping is realized by variation of the coefficient of linear interaction between oscillators, each placed into its own bath, has been researched. In the paper the existence of the entanglement within the temperature range from zero to the critical value, which may be rather high and determined by the instability increment, has been demonstrated. In Ref [11] an analogous system with oscillators placed into one common bath has been studied, and the occurrence of entanglement at relatively high temperatures has been shown too. In Ref [12] the occurrence of the entangled state of two oscillators under the parametric action upon only one of them (in the absence of linear interaction between them, but with mediate connection through the non-Markovian bath) has been discussed.
In contrast to the papers [10] [11] [12] enumerated above, in our work peculiarities of high-temperature entangled states formation under the conditions of partially coherent parametric pumping are considered. The presence of an additive noise connected with pumping has an essential influence on statistical processes in the classical parametric systems [20] . In the quantum case such noise leads to a noticeable efficiency decrease of non-classical (for example, squeezed) atomic states generation [8, 21] . The study of entanglement for two oscillators coupled parametrically in the situation similar to that discussed in [10] , but taking into account the partial coherency of pumping, is performed on the basis of HeisenbergLangevin formalism [8] . In this case, according to the rotating wave approximation for Markovian processes, one succeeds in obtaining a closed set of equations for the averaged quadratic combinations of both the creation and the annihilation operators and in calculating the logarithmic negativity to characterize the entanglement degree of oscillators states. Let's consider two linearly coupled identical quantum harmonic oscillators with the same eigen frequencies ω 1 = ω 2 = ω and with corresponding annihilation (cre-
. By analogy with the problem investigated in the paper [10] we shall suppose that each oscillator interacts with its own environment having a great number of freedom degrees, i. e., it is placed into an isolated thermal bath. In this case evolution of the whole system is determined by the HamiltonianĤ, which may be written in the form of three terms:Ĥ =Ĥ S +Ĥ B +Ĥ I .
Herê
presents the Hamilton operator for the subsystem of two oscillators with the coupling coefficient c (t) depending on time t. Further, let's choose the function c (t) varying nearly harmonically
with the amplitude of oscillations ε and the frequency Ω, close to the value of 2ω satisfying the condition of parametric instability development in the classical problems [22] , namely, |Ω −2ω| ≪ ω. However, unlike [10] where the ideal situation of coherent monochromatic action was considered, we shall take into account the phase fluctuations ϕ (t) in the coupling coefficient c (t), which occurs naturally in the real situations. Besides, we shall suppose that the random phase ϕ (t) has a zero mean value and presents a Wiener process, whose derivative (in general sense)φ (t) is a normal white noise with the spectral width D, i. e., the following relations [8] 
are satisfied. It should be noted that in (4) averaging is performed over the ensemble of realizations ϕ. Hereinafter, a dot over the function or operator will denote the time derivative t. We shall suppose that the thermal baths represent two (j = 1, 2) independent ensembles consisting of a great number of simple harmonic oscillators. These oscillators, making no contact with each other, have frequencies ω jk , respectively, and are characterized by the annihilation (creation) operatorsb jk (b jk ), satisfying the boson commutation relations. Thus, the second termĤ B , standing on the right-hand side of the relation (1) being in essence the Hamilton operator of the aggregate environment for the dedicated (by us) subsystem, will be written as followsĤ
The last termĤ I in Eq. (1) is nothing more but a Hamiltonian of interaction for the coupled quantum harmonic oscillators with their own thermostats. ExactlyĤ I causes the dissipative processes leading to decoherence. In the situation described aboveĤ I has the following form:
where the coefficients g jk determine the action degree of the k-th mode of the j-th bath upon the j-th oscillator. The described model may be essentially simplified if one applies the rotating wave approximation [8] widely used in quantum optics. This approximation takes into consideration only resonant terms of the total Hamilton operatorĤ. In addition, we make an assumption about the Markov nature of the random processes [8] , associated with the presence of thermal baths. Firstly, under weak coupling with thermostats when g jk ω ≪ 1, the considered subsystem interacts actively with its environment only in a narrow spectral band from ω − δω to ω + δω (δω ω ≪ 1), i. e., with simple oscillators having values of ω jk close to the value of ω. In this case and at small amplitude ε (ε ≪ 1) of pumping c (t) in the form (3) and at the period τ Ω = 2π Ω of its variation comparable with the half period τ ω = 2π ω of eigen oscillations of the small system one may neglect the nonresonance terms of the HamiltoniansĤ I andĤ S , proportional respectively toâ jbjk ,â
Note that in this case it is admitted that all characteristic times of relaxation processes are large in comparison with τ ω . Secondly, we'll consider that the coefficients g jk for each k-th mode of j-th bath from the spectral band with the width 2δω near the point ω are practically the same and approximately equal to one and the same constant value depending on ω:
With a knowledge of the total HamiltonianĤ of the considered model and using the assumptions described above, it is not difficult to obtain a system containing two coupled Heisenberg-Langevin equationṡ
for the slowly varying annihilation operatorŝ
which may be obtained by eliminating the high-frequency dependence on time from eachâ j (t). Here ∆ = Ω − 2ω is the difference from the condition of the exact parametric resonance, Γ = 2πg 2 (ω) Q (ω) is the damping coefficient characterizing the rate of dissipative processes caused by interaction of each quantum harmonic oscillator with its thermal environment, Q (ω) is the states density in the identical thermostats corresponding to ω jk = ω. Each j-th equation (7) contains a noise operatorF j (t), depending on variables of j-th bath. BothF j (t) have a zero mean value, i. e., F j (t) R = F † j (t) R = 0, and satisfy the following correlation relationships:
where quantum-mechanical averaging is meant by . . . R , the indexes j and j ′ possess values 1 or 2, and
is the mean number of equilibrium bosons (thermal quanta) with the energy of ω at the temperature T and k B is the Boltsman constant. Let us underline the fact that the noise operatorsF j (t), having correlating properties (9) , are required to preserve the commutation relations Â j (t) ,Â † j (t) = 1 at any time moment. In fact the presence of both relaxation and noise terms at the same time in Eqs. (7) is the manifestation of fluctuation dissipative theorem of the statistic mechanics, according to which the dissipation is always accompanied by fluctuations.
According to the relations (1), (2), (5) and (6) the HamiltonianĤ of the complete system is bilinear with respect to operatorsâ j andâ † j (j = 1, 2). This implies that if the considered quantum harmonic oscillators initially are in the Gaussian states they will preserve this states in the sequel [3] . Quantum correlations of Gaussian states depend only on the second-order momenta, i. e., they are completely characterized by the covariance matrix σ [23] . For the case when an initially dedicated subsystem is divided into two parts (as in our case), the elements of the matrix σ are calculated by the formula
where indexes m and n take on the values from 1 to 4, andξ m andξ n are the corresponding components of the four-dimensional vectorξ = (q 1 ,p 1 ,q 2 ,p 2 ) T , whose components are determined in terms of dimensionless operators of coordinatesq 1 ,q 2 and pulsesp 1 ,p 2 of two interacting elements of the considered small system. For the j-th (j = 1, 2) quantum harmonic oscillator,q j and p j are coupled with the annihilation operatorâ j and the creation operatorâ † j in the following way:
The expression (13) yields the conclusion that σ may be written in the block representation
where each block α, β, γ and γ T has the same dimension 2 × 2. Here α and β are,correspondingly, covariant matrix of the first and the second oscillators (separately), and their cross-correlations are characterized by the γ matrix. It should be noted that for the discussed case in the relation (13) the sign . . . means both the quantummechanical averaging and the averaging over the ensemble of realizations of the random Wiener process ϕ (t), describing phase fluctuations of partially coherent parametric pumping.
B. Logarithmic negativity as a measure of entanglement
Within the framework of the model used here, first of all, we are interested in the features of the formation and keeping up of the high-temperature entangled states of harmonic oscillators coupled parametrically in the presence of the phase fluctuations in the pumping. Let's choose the so-called logarithmic negativity E N [24] as a measure characterizing the entanglement degree of the considered quantum-mechanical objects. In the general case, it is determined for a composite quantum system which is the combination of two arbitrary abstract particles having their individual density matrixρ (1) n and ρ (2) n correspondingly. In such a system, the value of E N strictly vanishes at the hybrid separable states [25] , for which the density operatorρ may be presented (not uniquely) in the form of a sum of tensor productsρ
On the contrary, the nonzero value of E N clearly indicates that the entanglement between two constituent elements occurs, i. e., we speak about quantum correlations which have no classical analogue. In this connection, in the situation when the number of levels is not bounded above, the value of E N may be arbitrarily large [23] . The logarithmic negativity E N is widely used and is frequently mentioned in the literature (see, for example, [3, 4, [10] [11] [12] [13] 25] ). In the case of the Gaussian states, E N is completely determined by symplectic spectrum ν m (m = 1, . . . , 4) of the covariance matrixσ = ΛσΛ, where Λ = diag 1, 1, 1, −1 is the 4 × 4 diagonal operator. Actually,
It is necessary to emphasize thatν m (m = 1, . . . , 4) coincides with the normal eigenvalues of the matrix product −iJσ, in which
As noted in the preceding section, the covariance matrix σ can be presented in the block form (15) . In this connection by virtue of restrictions applied by both the symmetry property and the uncertainty principle, the determinants of the blocks α, β, γ and γ T are symplectic invariants [26] . That is why the quantum correlations, which are present in the system and which we are interested in, may be expressed in terms of the four quantities
In particular, it follows from (17) that the logarithmic negativity E N is nothing more but
wherẽ
is minimal in modulo value among the symplectic spectrumν m (m = 1, . . . , 4) of theσ matrix. The difference of E N from zero means thatν − < 1 2. The given inequality may be easily transformed to the necessary and sufficient condition of entanglement presence for the twoparticle (or two-mode) Gaussian states formulated by R. Simon [27] . Thus, in order to give a quantitative characteristic and in the same way to study the entanglement dynamics of the parametrically coupled quantum oscillators at the arbitrary time moment t, it is necessary to calculate the logarithmic negativity E N using the relations (20) and (21) . Wherein, it is required to know the behavior of all elements of the covariance matrix σ depending on t. According to (13) and (14) , σ consists of quadratic combinations â jâj ′ and â † jâj ′ of annihilation operatorsâ j and birth operatorsâ † j , where indexes j and j ′ take on values 1 or 2. Quantities â jâj ′ and â † jâj ′ can be found for an arbitrary value of t using Heisenberg-Langevin equations (7) . However, the presence of phase fluctuations ϕ (t) of partially coherent parametric pumping (3) and the necessity of additional (except for quantummechanical) averaging over the ensemble of random Wiener process realizations ϕ (t) create a number of difficulties and lead to significant modifications of the standard procedure. The next section will be devoted to the derivation of a closed system of ordinary differential equations (ODEs) permitting us to calculate symplectic invariants (19) in the presence of classical noise in the timevarying coefficient of coupling between two oscillators (3).
C. Calculation of covariance matrix elements
It follows immediately from the Heisenberg-Langevin equation (7) that a four-dimensional vector
satisfies the evolution equation of the following form:
is determined by phase fluctuations ϕ(t) of the parametric pumping and by the noise operatorsF j (t) andF † j (t) (j = 1, 2), K and L = diag [ 0, −i, 0, −i], in their turn, represent the 4 × 4 matrix, whose elements are independent of time. Particularly
In the case when a random phase ϕ (t) is given by the Wiener-Levi process, for the stochastic linear inhomogeneous equation (23) one can find a general solution [28] :
wherev (0) is constructed of corresponding Schroedinger operatorsÂ j (0) andÂ † j (0) (j = 1, 2). Note that when the thermodynamically equilibrium state is chosen as the initial state, from the expression (26) with account of F j (t) = F † j (t) = 0 it follows that quantum-stochastic mean values of Heisenberg operators a j (t) and a † j (t) are equal to zero at any moment t, i e. â j (t) = â † j (t) = 0. In order to calculate the averaged quadratic quantities â jâj ′ and â † jâj ′ , we shall also use the equalities (7), from which for the components of three-dimensional vectorŝ
one may obtain five independent close systems of equations, respectively:
Here n = 1 . . . 5 , V and W n are the 3 × 3 matrix with constant in time elements having the following form:
By analogy withf (t) vectorsr n (t) are determined by the phase fluctuations ϕ (t) of the parametric pumping (3) and by the noise operatorsF j (t) andF † j (t), more exactly, by various combinations arising as a result of multiplication ofF j (t) (orF † j (t)) andÂ j ′ (t) (orÂ † j ′ (t)), where j, j ′ = 1, 2. In view of the fact that the expressions for the components of given vectors are too lengthy, we shall not list them in the exact form, but only write their mean values for each ofr n (t):
When performing the calculations of these mean values we have employed both the general solution (26) of Eq. (23) and correlation relations (9) . Besides, we have assumed thatF j (t) andÂ j (0) are statistically independent.
Basing on the formalism of stochastic differential equations and the properties of the Ito stochastic integrals [28] , one can show that for a random variable ϕ (t), governed by Wiener process and satisfying conditions (4), the sequential averaging of the expressions (31) over ensemble of phase fluctuations ϕ (t) of parametric pumping and over quantum-mechanical noise, caused by the interaction of a small system of two coupled oscillators with the environment, leads to the following exact equationṡ
In total, considering each of these relations as a set of the third order ODEs with respect to the components of the vector û n (t) and solving it, for example, with the help of one of the Runge-Kutta methods [29] , it is easy to find mean values of the operatorsÂ jÂj ′ andÂ † jÂj ′ (j, j ′ = 1, 2), allowing to restore the behavior of covariance matrix elements σ and to determine the desired dependence E N (t).
III. LOGARITHMIC NEGATIVITY DYNAMICS
In this section, we present the results of numerical analysis of the behavior of the logarithmic negativity E N (t) during the evolution of the system on the basis of Eqs. (38). The aim of the study is to demonstrate the effects arising from the accounting for the partial coherence and their impact on the generation and maintenance of entanglement in a system of two parametrically coupled oscillators in the presence of interaction with the environment. First of all, note that according to calculations, the behavior of E N (t) does not vary qualitatively till the value of detuning ∆ = Ω − 2ω lies within the interval (−∆ * , ∆ * ), where ∆ * = √ ω 2 ε 2 − 4Γ 2 2, i. e., the conditions under which parametric instability develops [22] . Further, for the sake of certainty, we shall limit ourselves to discussion of the situation with the exact resonance, when Ω = 2ω; in this case the process of formation of entangled states for two quantum harmonic oscillators is most effective. It should be also noted that all the figures given below (for the convenience of their comparison) are plotted at the fixed ratio Q = ω Γ = 5000, which in fact is a quality factor of the oscillators. Thus, a certain relation between the eigen frequency ω and the damping coefficient Γ is established, and in the relations (38) spectral width D, detuning ∆ and time t may be normalized to ω. When solving ODEs (38), mean square quantities corresponding to the non-entangled thermodynamically equilibrium states are used as the initial conditions. For the coherent pumping, i. e., when D = 0, the results of our calculations agree with the conclusions presented in the paper [10] where they are obtained (including non-Markovian approximation) using the description of small subsystem by dint of the density matrix formalism. Dynamics of the logarithmic negativity E N (t) in this situation is shown in Fig. 1 by a red solid line. One can see that entanglement between two coupled oscillators occurs only after some time, depending on the environment temperature T (which means that it also depends on the number of equilibrium bosons n T ). Later E N increases monotonically in time and finally goes to the non-zero steady-state value E st N = E N (t → ∞), which points out the arbitrarily long-term existence of entanglement in the considered system. To form such states the amplitude ε of coupling coefficient c (t) needs to be greater than the threshold one ε 0 = 4n T Q. In other words, there exists a limiting number n T 0 = Qε 4 of equilibrium bosons in the baths, determining the crit- ical temperature T 0 . At the values of T higher than critical, the entanglement never occurs. At the given ε the final degree of oscillators entanglement, characterized by E st N , increases when T (T < T 0 ) decreases. This occurs due to reducing of decoherence effects caused by the influence of thermal noise. In turn, at the constant T the larger amplitude ε corresponds to the larger value E st N . As one can see from the performed within the framework of Eqs. (38) numerical calculations, taking into account the phase fluctuations ϕ (t) of partially coherent pumping c (t) leads to the situation when the arising (as a result of parametric instability development) hightemperature entanglement between two linearly-coupled quantum harmonic oscillators exists only during a finite time interval. Particularly, it is seen in Fig. 1 , where the green dashed line and the blue dotted line represent the dynamics of logarithmic negativity E N (t) at finite values of the spectral width D of the noise of the coupling coefficient c (t): D ω = 10 −10 and D ω = 10 −8 . These curves, unlike the red solid line, corresponding to the case D = 0, not simply increase monotonically attaining the positive stationary value E st N , but reach their maximum at some moment and then vanish again, which testifies to the disappearance of nonlocal quantum properties in the considered system. Apparently, such a dependence E N (t) at D = 0 is explained by the gradual increase of influence of the noise ϕ (t), being the Wiener process, at the averaged quadratic combinations composed ofâ j (t) andâ † j (t) (j = 1, 2). One might say that a random phase ϕ (t) of the coupling coefficient c (t) is passed to the annihilation operatorsâ j (t) and the creation operatorŝ a † j (t) and starts to determine their stochastic properties. Eventually, quantum correlations between two harmonic oscillators being in Gaussian states and described by covariant matrix (13) are destroyed. It should be noted that the similar (close to the sense) effects have been discussed in Ref [21] , where a sudden death of the entanglement between particles with spin placed into the fluctuating magnetic field has been shown.
Let us define the time interval during which the logarithmic negativity E N (t) is strictly nonzero (i. e., E N (t) > 0) as the lifetime τ of the entangled states in the considered system. The distribution of τ depending on the spectral width D of the noise in the pumping, normalized to ω, and on the number n T of equilibrium bosons in the baths determining the temperature T according to (12) at the given amplitude ε of c (t) is presented in Fig. 2(a) . One can see that at the fixed n T the more D, the less τ . For the D exceeding some critical value D 0 , the lifetime τ vanishes. In this case the entanglement between two considered oscillators never occurs. The similar situation is observed if we increase n T , i. e., raise the temperature T at a chosen D. Note that the number n T 0 (D = 0) = Qε 4 determines, according to (12) , the maximal limiting temperature T 0max , with the entanglement states formation region beneath it. For the case presented in Fig. 2 (a) , parameters are ε = 1.6 · 10 −2 , n T 0 (D = 0) = 20. Here the white solid line starting from the point with the components D = 0 and n T 0 = 20 divides the parameters plane log 10 D ω and n T into two domains: in one of which the lifetime τ is nonzero and in the other τ = 0. For the interface of these domains we have written the analytic approximation:
where numbers a 1 = 2.08, b 1 = −4 ·10 −2 , a 2 = −1.9 ·10 3 , b 2 = −4.82 are selected to best match the results of numerical simulation. Approximation (39) has a high degree of accuracy up to D/ω 10 −6 . This fact is substantiated by Fig. 2 , where the green dashed line corresponds to the formula (39). The given approximation permits us to find the critical temperature T 0 and the threshold value of amplitude ε 0 of oscillations of the coupling coefficient c (t) at the finite spectral width D of phase fluctuations of the pumping.
The distribution of lifetime τ of the entanglement of two parametrically coupled quantum harmonic oscillators depending on log 10 D ω and ε at the fixed number n T = 10 of equilibrium bosons in baths is shown in Fig. 2 (b) . Here as well as in the inset (a), the white solid line divides the plane of parameters log 10 D ω and ε into two parts, in one of which the lifetime τ = 0, is nonzero and in the other τ = 0. The minimum of the threshold amplitude ε 0 , exceeding which makes it possible to generate temporarily the entanglement in the considered system, corresponds to D = 0, and is equal to ε 0min = 4n T Q = 0.8 · 10 −2 . From Fig. 2 (b) , in particular, it follows that for sufficiently coherent pumping the maximal lifetime τ of the created entangled states is reached close to ε 0 (D). The same can be seen from Fig. 3 (a) , where the dependences τ on ε at the fixed spectral width of the phase fluctuation D/ω = 10
and at three values of the number of equilibrium bosons in the baths: n T = 10 (red solid line), n T = 20 (green dashed line) and n T = 30 (blue dotted line). However, it is necessary to emphasize that for various practical applications it is important to know not only the duration τ , but also the entanglement degree of the formed states too. It is actually characterized by the maximal value E N max , which the logarithmic negativity E N (t) reaches in the evolution process of the discussed system. In Fig. 3 (b) the functions E N max (ε) obtained as a result of numerical calculations at the same parameters as the curves from inset (a) are shown. One can see that E N max increases monotonically with the growth of ε. Thus, with the rise of ε, the entanglement becomes more qualitative but less "long-living". These facts must be taken into consideration when choosing the optimal amplitude ε of the harmonic variation of the coupling coefficient c (t) between the oscillators.
IV. CONCLUSIONS
Thus, we have studied the peculiarities of the hightemperature entanglement formation under the conditions of partially coherent pumping in a system containing two identical quantum harmonic oscillators coupled linearly, each of them being embedded in a separate independent thermal bath. The discussed problem is important and rather actual from the point of view of creating and maintaining the entangled states in the mesoscopic quantum systems. In conclusion let us summarize our work.
In the case of coherent pumping, when the spectral width of the noise equals zero, our results agree with the conclusions made in the paper [10] , where the description of a small system was made by dint of the density matrix formalism. In particular, we have demonstrated using a more intuitive approach that the entangled states with arbitrarily great lifetime and characterized by the stationary logarithmic negativity are formed as a result of parametric instability development (i. e., monotonic increase of the stored energy) when the coupling coefficient between two oscillators are varied harmonically, even in the presence of thermal baths. In order to form such states it is necessary for the amplitude of pumping oscillations to exceed some critical value proportional to the environment temperature. By analyzing the given relation depending on the pumping amplitude, one can find the limiting temperature, up to which the described above entanglement occurs.
For the considered way of pumping the presence of classical phase noise in it (which is natural for the real conditions) leads to the situation when the entanglement between two quantum harmonic oscillators occurs and exists only during a finite time interval. This interval may be easily determined using the condition of the nonzero value of logarithmic negativity, which first increases up to some maximum and then decreases and vanishes according to the performed calculations and within the framework of our approximations. The spectral width of the noise has some threshold value, starting from which the formation of entangled states in the discussed system becomes impossible. The given threshold value increases monotonically with increasing pump amplitude.
At the fixed values of the bath's temperature and of the spectral line width of parametric action the maximal lifetime of the entangled states is observed close to the threshold (in pumping amplitude). The degree of entanglement (being defined by the value of the logarithmic negativity) increases monotonically with growing amplitude of the harmonic variation of the coupling parameter between quantum oscillators. This fact should be taken into consideration in various practical applications, when the quality of the entangled states is as important as the time of their existence.
Note that in addition to classical phase noise in the pumping, as it was mentioned in papers [10, 11] , one of the basic factors destroying the entanglement between two identical oscillators coupled parametrically, may be their nonlinearity, which sooner or later must show itself during the monotonic growth of the stored energy and constrain this process. In our opinion, it will be interesting to determine lifetime of the entangled states, for example, in the problem analogous to that discussed in the given work, but supposing a weak inverse action of composite elements upon independent boson thermostats under the condition of the local in time perturbation, i. e., in the Markovian approximation. Thereby, we would succeed in comparing the degree of destructive influence of the saturating nonlinearity and partial coherency of pumping on the effect of occurrence and existence of the entangled states in the open systems.
The obtained results may be of interest for the theoretical interpretation of the experiments where the dynamics of biological macromolecules under the action of short laser pulses is studied and the presence of long-living entanglement in the given systems is observed. Note that under natural conditions such biological macromolecules are affected by strong noise. In this situation, the mathematical apparatus developed by us will help to estimate the quality and lifetime of the entangled states.
